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Abstract. We propose a general theory of the Open Gromov-Witten invari- 
ant on Calabi-Yau three-folds. We introduce the moduli space of multi-curves 
and show how to get invariants from it. Our construction is based on an idea 
of Witten. 

In the special case that each connected component of the Lagrangian sub- 
manifold has the rational homology of a sphere we define rational numbers 
F g h for each genus g and h boundary components. 



1. Introduction 

Let M be a Calabi-Yau three-fold and let L be a special Lagrangian submani- 
fold of M. The open Gromov-Witten invariants of the pair (M, L) are supposed 
to count the holomorphic bordered curves of M with boundary mapped into L, or 
equivalently the Euler Characteristic of the moduli space of pseudo holomorphic 
bordered curves. Mathematicians have been unable to give a general construction 
of these invariants because the moduli space of pseudo holomorphic bordered curves 
has codimension one boundary, making its Euler Characteristic ill defined. A math- 
ematical definition was given only assuming particular symmetry of the pair (M , L) 
(see [5], [6]). 

Witten in [7] defines the Open Topological string partition function for a pair 
(X,L) that, by analogy with the closed case (it is well known that the closed 
topological string partition function can be computed in terms of closed Gromov- 
Witten invariants), it should correspond to the Open Gromov-Witten invariants. 
These invariants have also been computed in string theory in many examples. In 
this paper and the following 18] we give a mathematical construction of the invariant 
of [7]. This leads to a mathematical definition of Open Gromov-Witten invariants. 

The boundary of the moduli space of pseudo holomorphic disks is of codimension 
one because of the bubbling of disks and the bubbling of spheres from a constant 
disk. The second problem is less harmful since it can happen only in discrete 
points of the space of parameters (such as the space of compatible almost complex 
structures) that we need to define the moduli space of disks. To deal with the 
bubbling off of spheres from a constant disk we assume that L is homologically 
trivial (we do not assume that L is connected). This condition is also natural in 
string theory since it implies that the topological charge of the D-brane is zero. It 
was also used in mathematics independently by Joyce. 

The problem of the splitting of the curves is a much more delicate issue since it 
happens along the entire space of parameters, making meaningless the count of the 
number of curves. In fact, because of this the number of disks strongly depends 
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on the perturbation of the pseudo-holomorphic equation. Our idea to solve this 
problem is based on a result of [7]. Witten argues that the open topological string 
partition function receive contributions also from degenerate or partial degenerate 
curves (that is objects that are made by usual curves joined by infinite thin strips 
living on L). Witten proposes that this contribution can be computed in terms of 
Chern-Simons integrals. In the case of the cotangent bundle M = T*L, there are 
no non-constant holomorphic curves with boundary mapped into the zero section. 
The Open Topological String is equivalent to the Chern-Simons theory on L (the 
degenerate curves correspond to Feynman graphs of the Chern-Simons theory). For 
more general Calabi-Yau (where pseudo-holomorphic curves are present) Witten 
computes the contribution of the degenerated curves using Wilson loops integrals 
associated to the boundary of the curves. 

From the work of Witten follows that open topological string theory does not 
simply count open curves, but it counts what we define as multi-curves (in analogy 
with the physical terminology multi-instantons). Roughly a multi-disk is described 
by a tree with a disk associated to each vertex. The moduli space of multi-curves 
provide the natural mathematical setting for the computation of [7] • In this setting 
the problem of the splitting of the curves is completely solved. 

In the particular case that L has the rational homology of a sphere there is a 
nice interpretation of the invariant in terms of generalized linking numbers. In fact 
the Wilson loop integrals of [7] can be formulated in terms of linking number of 
the boundary circles of the curves. This computation is a sum of contributions of 
multi-disks. The contribution of a multi-disk to the Open Gromov- Witten invariant 
is computed in terms of the linking numbers of the boundaries components of the 
disks vertices. 

The solution of the problem of the bubbling off of the disks can be explained 
roughly as follows. In a one parameter family of compatible almost complex struc- 
tures of M, a disk A can split into two disks B and C. The contribute of the 2-disk 
B, C is given by the linking number of the boundary knots. When the disk A 
disappear this linking number of B, C jumps. Therefore the jump of the contribu- 
tion of the 2-disk compensates the jump of the number of 1-disks (that is ordinary 
disks) . Similarly, disappearing of an n-disk is compensated by the discontinuity in 
the m-disk contribution for m > n. 

In [4], we apply the analysis of this paper to non-compact situations. This 
includes a mathematical definition of the invariants arising in Large N duality. 

In the following paper [3] we consider the case that Hi(L,Q) ^ 0. We construct 
the Open Gromov- Witten potential S as an homotopy class of solutions of the 
Master equation in the ring of the functions on H*(L,<Q) with coefficients in the 
Novikov ring (this is the effective action of the Open Topological String of [7 ). S is 
defined up to master homotopy (that is unique up to equivalence). The evaluation 
of S on its critical points leads to numerical invariants. 

The paper is organized as follows. In section two we define the moduli space of 
multi-disks as a Kuranishi space. It is easy to see that an orientation of the moduli 
space of disks induces an orientation on the moduli space of multi-disks. We show 
that the boundary faces can be identified in pairs in a way compatible with the 
orientation. 

In section three we define system of chains. In section four we introduce the 
notion of coherent perturbation in the boundary. With the constraint of coherence 
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in the boundary the evaluation map in the punctures of multi-disks leads to a 
system of chain well defined up to homotopy. This procedure is a minor adaptation 
of the procedure developed in [T]. 

In section five we specialize to the case that each connected component of L has 
the rational homology of a sphere. In this case (generalizing the usual definition 
of linking number of curves) we can assign to our system of chains a well defined 
rational number. This rational number is the Open Gromov-Witten invariant -Fb,i- 

In section six we consider the higher genus case. Most of we have said for multi- 
disks can be adapted to multi-curves. In the case that each connected component 
of L has the rational homology of a sphere we define the Open Gromov-Witten 
invariants F g ^ £ Q of genus g and h boundary components. 

Acknowledgements. We are grateful to D. Joyce for many usefull correspon- 
dence. 

2. Multi-disks 

Let M be a Calabi-Yau three-fold and let L be a special Lagrangian submanifold 
of M (or more generally a Lagrangian with Maslov index zero). In this section we 
define the moduli space of multi-disks with boundary mapped in L. For this we 
need to introduce first some notations. 

Given a ribbon tree T we denote by V(T) the set of vertices of T, by E(T) the 
set of edges of T. H{T) is the set of edges of T with an assigned orientation, or 
equivalently the set of half-edges of T (for each internal edge there correspond two 
elements of H(T) and for each external edge there is one element of H(T), the 
one starting in the vertex). For v £ V(T), H(v) denotes the set of oriented edges 
starting from v. 

Definition 1. A decorated tree is a ribbon tree T with a relative homological class 
A v £ Hi(M, L) assigned to each vertex v. If A v ^ the vertex v can have arbitrary 
valence. If A v = the valence of v has to be at least 3. 

The relative homology class of T is by definition the sum of the homology class 
of its vertices A = J2 v ev(T) We denote with T the set of decorated trees, T(A) 
the set of decorated trees in the homology class A and Tk the set of decorated trees 
with k external edges. 

Let C2{L) be the compactification of the configuration space of two points of L. 
Recall that C2{L) is the manifold with boundary given by the geometric blow-up 
along the diagonal A of L x L. The boundary is a S 2 bundle on A 

(1) dC 2 (L) — > A = L. 

In fact CziL) is isomorphic to the sphere bundle S(TL) of L. 

For each internal edge e £ E(T), denote by C e (L) a copy of C2(L) where we 
consider the points identified with the half edges associated to e. An orientation 
of e induces an identification between C e (L) and C7 2 (L). For each external edge 
e £ E(T), define C e (L) = L. The projection Ci{L) — > L 2 induces a map 

(2) J] C e (L)^L*M 

eGE(T) 

Fix a compatible almost-complex structure J. Let M. n (A) be the moduli space 
of pseudo-holomorphic disks with n marked points with a fixed cyclic order in the 
relative homology class A £ H2 {X, L) (this is usual denoted as the main component 
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in [2]). By Chapter 7 of 0, M n (A) can be endowed with a weakly submersive 
Kuranishi structure with corners. 

For each v £ V(T) denote by M v a copy of Mh(v) (A v ) where we consider the 
boundary marked points labeled (respecting the cyclic order of the ribbon structure) 
with the half edges H(v) starting in v. 

The evaluation on the punctures defines a strongly continuous map 

(3) J] M V ^L H ^. 

vev(T) 

The moduli space of T-multi-disks Mt is given by taking the fiber product of 
the maps (J3j> and ((2]) mod-out by the automorphism group of the decorated tree 

M T = I J] M v x LH(T) Yl C e {L) ] /Aut(T). 

Since we assume that the Kuranishi structure of each M v is weakly submersive, the 
space Mt has a natural Kuranishi structure (see Section Al.2 of j2]). Moreover 
this Kuranishi structure has a tangent space. 

2.1. Boundary. Fix a decorated tree T. For each v £ V(T) the boundary of M v 
can be decomposed in different components 



(4) dM H(v) (A v ) 



( \ 

(At) x L M {H 2 U*} {M) 

, Hi UH 2 =H(v) 

\ Ai+A 2 =A ) 



corresponding to all the ways to subdivide H (v) in two sets. In the particular case 
that H{v) is empty there is an extra term coming from sphere bubble attached to 
constant disks: 

(5) dMo = (Mi x L Mi)/Z 2 U Mo,i x m L. 

Here Mq.i is the moduli space of spheres with one marked point. The last term 
of ([5]) comes from the bubbling of the spheres from constant disks. It has been 
discussed in section 32.1 of [2] (these are the boundary nodes of type E in Definition 
3.4 of [5]). 

For each pair (T, v) (with v £ V(T)) dehne 

(6) 8 V M T = I dM v XLH<T) II ° e{ - L) / Aut ( T - v ) 
and for each pair (T, e) (with e £ E(T) an internal edge) 

(7) d e M~T = ((jlM^J x LSm (dC e {L) x J] C e ,(L)J j /Aut(T,e). 

The boundary of Mt can be subdivided in the Kuranishi spaces 8 v Mt, 9bMt ■ 

Observe that d v M is union of boundary faces of M. The elements of each 
boundary face come with a special nodal point. Let 

(8) ev* : d v M T -> L 
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be the evaluation on the special nodal point. Let S(d v Mr) be the the Kuranishi 
space given by the pull-back of the sphere bundle (p} using the map (©: 

S(d v M T ) = (ev*)*(S(TL)). 

The natural map 

(9) S(d v M T ) -»• d v M T 

defines an 5 2 -fibration of Kuranishi spaces in the sense that locally S(8 v Mt) is a 
product as Kuranishi space of 8 v Mt and the two dimensional sphere S 2 . 

Definition 2. Let e G E(T) be an internal edge attached to the vertices Vi,V2- The 
decorated tree T/e is the tree obtained by contracting e to a vertex. The relative 
homology class of the vertex e/e is the sum of the homology classes of the vertices 
Vi and v 2 , A e / e — A Vl + A V2 . 

The Kuranishi space 8 v Mt is subdivided in boundary faces of Mt- In fact we 
have: 

Lemma 1. Let Tq be the tree with no edges and one vertex v. There is an isomor- 
phism of Kuranishi spaces: 

(10) S(8 v M To ) = d e M T > U S(M ,i x M L) 

where T' is the graph given by two vertices connected by an edge e. IfT has at least 
one edge, there is an isomorphism of Kuranishi spaces: 

(11) S(8 V M T )^ □ 8 e M T > 

(T>/e,e/e)=(T,v) 

where the union is over all the trees T' and edges e £ E(T') such that (T'/e, e/e) = 
(T,v). 

Proof. The lemma is immediate from the definition. Consider first (JTUJ) and let T 1 
be the graph given by two vertices w, z connected by an edge e. We have 

d e M T > = ((M w x M z ) x L2 dC 2 {L))/Z 2 

and equation (|S|) 

d v M = (Mi x L Mi)/Z 2 UM ,i x M L. 

All the fiber products arc made using the evaluation map as usual. Observe that 

(Mi x L Mi) = (Mi x Mi) x L 2 A 

where A is the diagonal of L 2 . The formula (fTOj) follows since in this case the map 
(jHJ is the natural projection on A = L. In the same way ([TT]) follows from (j4|). □ 

2.2. Orientation. Let T G T be a decorated tree. For each internal edge e 6 
E(T), an orientation of e induces an orientation of C e (L) and an identification 
C e (L) = C 2 (L). Let o e = 7L 2 be the set of orientations of the edge e. Let o ex — ^2 
be the set of parities of the ordering of the external edges of T. Define 

OT = (®e£E(T)Oe) ® O ex . 

Assume that L is relative spin and oriented. For each vertex v £ V(T), let Mq :V 
be a copy of the moduli space of disks without punctures in the homology class A v . 
By Section 44 of [2], Mo,v has a natural orientation. 
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We can identify Mt with an open subset of 

n ■ m o,« x n 9De 

u£V(T) eG-B(T) 

where dD e is the boundary of the disk from where the edge e starts. From this the 
following Lemma follows: 

Lemma 2. An orientation of the moduli space of disks induces an isomorphism 
between the orientation bundle of Mt and ot ■ 

With this orientation we can prove that the identifications of the boundary faces 
given in Lemma [T] are compatible with the orientation. 

Lemma 3. Endow B^Mt with the orientation induced as boundary face of Mt 
and endow S(8 v Mt) with the orientation induced by the fibration Then the 
isomorphisms ill]) and mU\) reverse the orientation. 

Proof. This is analogous to the proof of Proposition 46 of [2). We use the same 
convention of Section 45 of [2] . We need to explain the lemma only in the particular 
case that the graph T is given by two vertices v,w connected by an edge e. The 
tangent space on M V (/3 V ) x l dC 2 {L) x j, M W ((3 W ) is 

TM V x TL (Ro U t x TdC 2 (L)) xtl TM w = R D ut x TM V x TL T8C 2 {L) x TL TM W 
as oriented space. 

Let M (C) be the space of holomorphic maps from the unit disk representing the 
homology class C € H 2 (M, L). Then 

Mi = {M x S' 1 )/PSL(2,M) 

where PSL(2,R) is the automorphism group of the disk. Let 4>l G T(PSL(2,M)) be 
the infinitesimal element that fixes 1, —1 £ D v and move counter-clockwise i G D v 
and let 4> v _ l G T(PSL(2,R)) be the infinitesimal element that fixes i, 1 G D v and 
move counter-clockwise — 1 G D v . As oriented spaces we have 

TM V = TM V x 

Let (f)^i,(f)f G PSL(2,R) be the analogous elements for D w . As oriented spaces we 
have 

TM W =TM W x 

The fiber product M. v x L J\A W is made using the evaluation map on 1 G D v and 
— 1 G D w . The orientation in its tangent space is given by 

TM V x TL TM W = {<t>\A-i} x TM V x TL TM W x {4> w +l , = 
-R out x TM V x TL TM W x {Ci.0+i,Ht<rt}. 

Here we have used that = { K out, K to t}- Observe that {Ci, Rtot} is 

the orientation of PSL(2, K) acting on M v x l M w . 

By Lemma 46.5 of [2J, the gluing map A4t, M w M\s orientation preserving 
in the sense of Kuranishi structures. The lemma follows. 

□ 
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3. Systems of singular chains 
For each decorated tree T, let Ct(L) be the orbifold 

C T (L)= I J] C e {L)\ /Aut(T). 

\eeE(T) J 

The boundary of Ct{L) can be decomposed in boundary faces corresponding to 
isomorphims classes of pairs (T, e) 

d e C T (L) = ]C e {L) x J[ C e -{L) \ /Aut(T,e) 

where e is an internal edge of T. Observe that since dCi (L) — > L is an S* 2 -fibration, 
the induced map 

(12) 8 e C T (L) ^ L x C T/e (L) 
is an 5 2 -fibration. 

Definition 3. A system of singular chains 

Wt = {Wt}t£T 

is a collection of singular chains Wt £ C\e(t)\{Ct{L),ot) with twisted coefficients 
in or- We consider two singular chains equal if they are the same as currents. We 
assume the following properties. 

(a) For each T S T, Wt intersects transversely the boundary of Ct(L). For 
each internal edge e define d e WT = Wt H d e CT{L). 

(b) There exist singular chains 

d' e W T £ C| B(T )|_3(C T/e (L),o T ) 

such that d e WT is the geometric preimage of d' e WT over the S 2 -fibration 
t!2\) (remember that the identities are considered identity of currents). 

(c) The following identity holds as currents 

(13) dW T = dvWr + deWr - 

vGV(T) eG-E(T) 

Here 0®Wt is the image of d' e WT using the projection L x Ct/c.{L) — > 
Ct/c(L) and 

d v w T = J2 9 " Wt '- 

(T> /e,e/e)=(T,v) 

3.1. Homotopies. An homotopy Yj- between Wf and Wj- is a collection of sin- 
gular chains 

Y T eC mT)l+1 ([0,l]xC T (L),o T ) 
that satisfies analogous properties as Definition [3] with formula (fTB"]) replaced by 

(14) dY T = Yl d " Yr + deYr + xW t~ {1} x Wt 

veV(T) eeE(T) 

Suppose that Yj- and Xj- are two homotopies between Wf and Wly. We say 
that Yf is equivalent to Xj- if there exists a collection of singular chains Zf with 

z T e q B( T)i+ 2 ([o,i] 2 x c T {L),o T ) 
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that satisfies analogous properties as Definition [3] with formula (fT3|) replaced by 

(15) _ _ 

dZ T = d vZ T + 9 e Z T +[0,l]x{Q}xW r -[Q,l]x{l}xW^+{0}xy T -{l}xX T 

vEV(T) eeE(T) 

4. Invariance 

4.1. Perturbation of the Kuranishi structure. We want to use Lemma [1] in 
order to identify in pairs the boundaries of the A4t for different T. 

The only boundary face of dM.-y with no cousin is the last set in the relation 
(TIT)]) . Assume that the homological class of L in M is trivial. Let B € C4 (M) such 
that dB = L. For a fixed B we can consider the fiber product 

(16) M ,iX M B. 

The boundary of the Kuranishi space (p~6|) can be identified with the last set in 
relation (fTD]) 

(17) d{M ,i x M B) S M ,i x m L. 

Denote by s n a perturbation of the Kuranishi structure of A4t for each decorated 
tree T and Mo,i X a/ 

Definition 4. W^e say i/iai s n is coherent in the boundary if for each tree T and for 
each vertex v G V(T), s n respects the isomorphism of Lemma[J] This means that 
the pull-back of the restriction of s n on S(d v AAt) using the map (0) coincides with 
the restriction of s n to d e M.T< ■ In the case of the tree Tq without edges we need to 
impose also that the perturbation on d v M.T and A^o.i x m B agree on A4o,i x m L- 

Fix a perturbation s n of the Kuranishi structure that satisfies condition ([JJ. 
The existence of such a perturbation can be proved using the standard machinery 
developed in Section 6 of [I] or Appendix A of [2] (see Lemma [5] below) . 

There exists a natural strongly continuous map 

(18) ev : M T {J) -> C T (L). 

As in formula (6.10) of [T], the strongly continuous map (fT5)) defines a singular 
chain 

(19) Wr = ev*(( Sn |-^ T )(Q)) 

that is a chain in Ct(L) with twisted coefficients in ot- 

If T — Tq is the tree with one vertex and no edges we need to add a correction 
to formula (fl9]>: 

(20) W To =ev,(( Sn |-^ o )(Q))+ev,(( S „y o iXMS )(0)) e Q. 
The target of the map ev in formula ([20]) is a point. 

4.2. Invariance. The Kuranishi structure we constructed may depend on the vari- 
ous choices we made. However we have the following (the proof is minor adaptation 
of the proof of Theorem 17.11 of pQ): 

Proposition 4. The system of singular chains Wj- depends on the almost complex 
structure J and various choice we made to define a Kuranishi structure. Different 
choices lead to system of homological chains that are homotopic, with the homotopy 
determined up to equivalence. 
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Proof. Let J and J' be two different complex structures compatible with the sym- 
plectic structure uj. Let J s be a family of compatible almost complex structures 
such that J s = J for s G [0, e] and J s = J' for s G [1 — e, 1]. Define 

A7r(^para) = U se[04] {s} X M T (J S ). 

As in Theorem 17.11 of pQ we can endow A'frd J par a) with a compact and Hausdorff 
topology. Moreover there exists a Kuranishi structure on A^r(<^para) that extends 
the Kuranishi structure of Mt{J) and Mt(J')- 

Lemma [5] implies that there exist a transverse multisections s Ptn perturbing s p 
and satisfying the coherence condition of Definition 21 Moreover if we start with a 
perturbation of AAq-{J) and Aif(J'): s p,n can be constructed such that it extends 
these perturbations. 

For each tree T, define the chain Wt in Ct{L) x [0, 1] as in (fP9|) and (|20|) . Lemma 
4.7 of 1 implies that 8Wt is the intersection with the boundary of Mr^para)- 

d W T = eM(s n \-L. T{Jp ^)(0)) 

The system of chains Wj- = {Wt} defines an homotopy between the system of 
chains Wt and W' r . 

□ 

Lemma 5. There exists a perturbation s n of the Kuranishi structure of A4j ■(</) 
coherent in boundary in the sense of Definition^ and transverse to the zero section. 

Proof. The construction of the multi sections s Pi „ is done using the standard ma- 
chinery of Kuranishi structures developed in [1] or Appendix A of [2]. The con- 
struction is done by induction on the number of edges of the tree. In each step we 
impose the conditions of Definition |4j 

The Kuranishi structure of A^T(</para) is defined by a set of Kuranishi charts 
(V p , E p , T p , s p , tpp). A minor adaptation of the proof of Lemma 6.3 of [I] gives a 
good cover extending a good covering of <9.MT(</para)- 

Suppose first that T is just a vertex. In this case Mt is the usual space of 
disks, therefore it is standard to construct a multi-section s n transverse to the zero 
section. 

Now consider a tree T with at least one internal edge and assume that the 
multi-section s n has been constructed for all the trees with less edges than T. Let 
e G E{T). The condition of Definition @] (a) define a multisection on d e M.T in terms 
of the multi-section of d v J^ix/e- These sections are compatible in the corners. This 
follow by the induction hypothesis. If ei,e2 G E(T) then the section on d ei M T 
restricted to d eitC2 Jv[ T is constructed from the section on d Vl . V2 / {e x ,e 2 } ■ This is 
the same for the section on d e2 A4x restricted to d ei ^ e2 M.T- 

For each p, this multi-section gives a multi-section defined on the union of some 
closed boundary face of V p . Since V p is a manifold with corners, it is not hard to 
extend this multi-section to a neighborhood of these faces. Lemma 17.4 of [T] or 
Theorem A1.23 of [2] can be used to give a transverse multi-section of A4t(J, /?)■ O 

5. Linking number and Gromov-Witten invariants 

In this section we assume that each connected component of L has the rational 
homology of a sphere. Let 7o be the set decorated trees with no external edges . 
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We want to extend the definition of linking number of two curves to system of 
chains. Remember that to define the linking of two curves 71 and 72 in L we can 
proceed as follows. The product 71 x 72 defines a 2-chain in L x L homological 
trivial. Let C be a 3-chain in L x L such that dC = 71 x 72 and is transversal to 
diagonal. The linking number of 71 and 72 is given by the intersection number of 
C with the diagonal. This argument can be straightforwardly extended to systems 
of chains. 

Lemma 6. There exists a system of chains W!r that is homotopic to Wj- such 
that 

W T = 

if T has at least an edge. Moreover Wq- a is unique. 

Proof. It can be useful to observe that systems of chains can be equivalently de- 
fined as singular chains in {L H ^ / A\it(T)}T that are transverse to the diagonals 
associated with the edges of the trees and moreover satisfy analogous condition of 
coherence formulated in terms of the intersections with the diagonals. 

Let Ti £ To(A) be the decorated tree in the homological class A with maximal 
number of edges. We can construct an homotopy between Wj- <a) an d a system 
of chains with Wt x = as follows. Wt x is a sing ular chain in L H ^ j k\A{T x ) 
homological trivial. This can be used to construct an homotopy between Wt and 
zero chain and it can be extended to all the trees using the compatibility condition 
in the boundary. This yields to an homotopy between Wj- and a system of chains 
with Ti-component zero. We can proceed recursively and construct the required 
homotopy. 

Suppose now that W!f is another system of chains as in the Lemma. There 
exists an homotopy Zj- between Wj- and W'4- . By the same argument above Zf 
is equivalent to an homotopy with Zt = for all the trees T with at least one edge. 
From this it follows that = W£ . □ 

J-o Jo 

The last lemma allows us to define the linking number of Wj- (a) by 

link(WV o(A) ) = < e Q- 

Here Tq is the trivial tree with no edges and exactly one vertex, so that CV (L) is 
a point. 

Theorem 7. The rational number Unk(Wf rA)) does not depend on the almost 
complex structure and various choice we made to define a Kuranishi structure. 

Proof. The theorem follows directly from Proposition □ 

We can now define the Open Gromov-Witten invariants that counts multi-disks 
in the relative homology class A € H2(X, L) as 

F ,i(i4)=link(WV o(A) ) 

It also easy to see how Fq^(A) depends on the singular chain B that we have used 
to define (|16p . Assume that B' E Ca(M) is another singular chain with dB' = L. 
Since B — B' is a cycle we have 



(21) 



F ,i(A) - F ,i(A)' = ev*([M ,i(A)]) n (B - B'). 
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6. Higher genus 

In this section we assume that L is spin so that all the moduli spaces we consider 
are oriented (see [5]). 

6.1. Multi-curves. Let M,tg,h)( n rfi)(A) be the Kuranishi space of stable maps of 
type (g,h) with n internal marked points and m = {mi, ...,mh) boundary marked 
points, representing the relative homology class A £ H2(M,L). This space has 
been studied in [5]. 

Definition 5. A decorated graph G is a ribbon graph endowed with the following 



• A set 1(G). For each i £ 1(G) a relative homological classes Ai G H%(M, L) 
and an oriented surface Ej . Let gi be the genus, hi the number of boundary 
components, ni be the number of internal marked points, n%i be the number 
of boundary marked points ofEi. If Ai — we assume that Si is stable. 

• A one to one correspondence between vertices of G and the boundary com- 
ponents of {T,i}i e i . 

• For each v £ V(G), a one to one correspondence between the half edges H(v) 
starting in v and the boundary marked points of the boundary component 
associated to v. 

The homology class of G is given by A — J^iei A%- F rom a decorated graph G 
we can construct a surface Eg replacing each edge of G with a strip respecting the 
orientation of the surfaces Ej. We say that the decorated graph G is connected if 
the surfaces Eg is connected. 

Denote by Qc g M,{n,rA)(^) the set of connected decorated graphs G where Eg 
has genus g, h boundary components, n internal marked points, m external edges, 
representing the relative homology class A £ H2(M, L). 

For each i £ I denote Aii = ■A4( ffi ,/i i ),(nj,r^i)(^*)- ^ ne evaluation map on the 
punctures defines a map 



\eG-E<T) / 

The moduli space of multi-curves M.g is defined as the fiber product of the maps 
(T2"!?]) and (T2U)) modulo the automorphism group of the decorated graph G: 



data 



(22) 



Yl Mi -> L H(G) x M". 



We have also the map 





11^ X(Lmc )xMn) H C e (L)xB n \\ /Aut(G). 





6.2. Boundary. In [S] is proved that the boundary M( g ^)( n rf\ can be subdivided 
in components of type E, HI, H2, Hi. Each boundary face is associated to a 
boundary component of the surface. For each boundary component C, denote by 
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dcM( g .h),(n.rfl) the union of the boundary faces of -MfgM, (n,rrt) associated to a 
degeneration of C. We then have 

C 

Let G be a decorated graph. For each v £ V(G) define 
(24) 

d v M G = UdvM x n^'j x (i»' c ' X «") (j[Ce(L) x B» H /Aut(G,«) 

where i £ 1(G) is the surface corresponding to v. For each e € -E(G) define 
(25) 

d e M G = I I J] Mi I x (LH(G)xM „ } I 0C e (L) x [J C e ,(L) x S» /Aut(G,e) 

VVel(G) / V e'#e // 

Finally for each internal marked point p define 

(26) ' 

d P M G = I IjlMi) x {L *(G )xMn) I [] x (-B™ -1 xL) /Aut(G,p) 

\ Vie/ / \eSB(G) / / 

The Kuranishi spaces (IM|) , ([2^)1 and (|26l) are the boundary faces of M. G . 

Definition 6. Let e £ E{G) be an internal edge of G. Let v, w be the vertices 
of e that are boundary components of i v ,i w £ 1(G) respectively. The decorated 
graph G/e is defined by contracting the edge e. The surfaces and are 
replaced by the surface made by gluing the boundary marked points associated to e 
and smoothing the resulting node. 

Observe that in the preview definition we can have i v — i w or even v = w. In 
this process we get a boundary node of type 

• HI if v = w, 

• H2 if v =/= w but i v — i w , 

• H3 if i v ^ 

The boundary nodes of type E are considered in the following: 

Definition 7. Let v £ V(G) be a vertex of G corresponding to a boundary compo- 
nent ofTii without marked points. The decorated graph G/v is the graph G with the 
vertex v removed and with the correspondent boundary component of Ei replaced 
with an internal marked point. 

With this notation we can formulate the generalization of Lemma [TJ 

Lemma 8. Let G be a decorated graph. For each v £ V(G) we have 

(27) S(d v Ma) = ( U d e M G ,)US(d v/v M G/v ). 

(C /e,e/e) = ( G ,v) 

The last term is present only if v is an isolated vertex, v/v denotes the internal 
marked point of G/v that we get from v. 
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6.3. Systems of chains. As in the genus zero we have a natural map 

ev : Mg -> C G (L) 

where Cq{L) is the orbifold 

(28) C G (L)= | JJ C e (L)\ /Aut(G). 

\eeE(G) J 

Using the isomorphism (|27p it is easy to extend the definition of coherent per- 
turbation in the boundary to Mg. Each such perturbation induces a system of 
chains 

Wg = {W G }GeQ 
where for each G Wg is a singular chain of Cg(L). 

Let Go be the set of decorated graphs without internal marked points and without 
external edges. Define 

W G =Y1 w g> 

G' 

where the sum is over all the decorated graphs G made from G substituting with 
internal marked points some boundary component of G with no marked points 
(observe that the sum makes sense since Cg'(L) = Cg{L) for all such graphs G'). 
We therefore have a system of chains 

Wg = {Wg}g^o- 

The definition of homotopy and equivalence we gave for decorated trees extended 
naturally to decorated graphs. 

Lemma 9. Different choices of coherent pertubations lead to homotopic systems of 
chains, with homotopy unique up to equivalence. 

6.4. Gromov-Witten invariants. Assume that each connected component of L 
has the rational homology of a sphere. As in the case of disks we have: 

Lemma 10. There exists a system of chains Wg a that is homotopic to Wg such 
that 

W G = 

for all G G Go with at least one edge. Moreover Wg g is unique. 

For each (g, h) let G° g h {A) e Go be the unique decorated graph with no edges of 
genus g with h boundary components and in relative homology class A S H2(X, L) 
(Gg h (A) represents an ordinary surface). By definition C G g,h(L) is given by a 
point. Define the Gromov-Witten invariant as the rational number 

F 9 M = W' Glh(A) e Q. 
From Lemma |9] and Lemma [TOl follows: 

Theorem 11. The rational numbers F g ^{A) do not dependent on the almost com- 
plex structure and various choices we made to define the Kuranishi structure. 

Observe that the rational numbers F g ^{A) depend not only on the pair (X, L) 
by also on the choice of the singular chain B. However, for different choices of B 
the invariants can be expressed by a formula analogous to (|21l) . 
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